We present a detailed numerical study of the
Introduction
According to the compilation of the Particle Data Group (PDG) 2002 [1] , the absolute values of the entries in the first row of the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix are given by |V ud | = 0.9734 ± 0.0008, |V us | = 0.2196 ± 0.0026, |V ub | = 0.0036 ± 0.0010, (1.1) which implies a 2.2 σ deviation from unitarity:
|V ud | 2 + |V us | 2 + |V ub | 2 − 1 = −0.0042 ± 0.0019. (1.
2)
The value for |V ud | in (1.1) has been extracted from superallowed Fermi transitions of several 0 + nuclei and neutron beta decay, whereas the number for |V us | is based on more than thirty-year-old K e3 data.
The situation has changed dramatically with the outcome of a new high statistics measurement of the K + e3
branching ratio by the E865 Collaboration at Brookhaven [2] . Their analysis of more than 70,000 K + e3 events yielded a branching ratio which was about 2.3 σ larger than the current PDG value. As a consequence, the value of |V us | based on the new experimental result does not indicate any significant deviation from unitarity. Moreover, besides indicating a sharp disagreement between new and old K differ considerably depending on the procedure for the treatment of data. The first value in (1.3) was obtained from a constrained fit using all significant measured K L branching ratios, the second one is a weighted average of measurements of the K 0 e3 ratio only. Apparently, the rate obtained from the fit is completely driven by input different from the actual measurements. In particular the error on the "fitted" value does not reflect at all the experimental accuracy (the experiments were made in the sixties and early seventies) but rather the constraints from the global fit.
Presently, new independent K e3 decay measurements are in progress (CMD2, NA48, KLOE) and should help to clarify the experimental situation.
In this paper, we present a detailed numerical analysis of the radiative corrections to the K 0 e3 Dalitz plot distribution. We discuss possible strategies to extract |V us | from the experimental data and we propose a rather powerful consistency check of K + e3 and K 0 e3 measurements. This work is based on our previous calculation [3] of the K ℓ3 decays to O(p 4 , (m d − m u )p 2 , e 2 p 2 ) in chiral perturbation theory with virtual photons and leptons [4] . After a brief review of the main kinematic features of K e3 decays and the structure of radiative corrections (Sect. 2), we recall the structure of the form factors relevant for K e3 decays including a discussion of the recent results on the contributions of order p 6 in the chiral expansion in Sect. 3. Real photon emission in the K 0 e3 case is discussed in Sect. 4 . In Sect. 5 we illustrate our general considerations by a numerical study of the K 0 e3 decay and the description of a procedure to extract the CKM matrix element |V us | from experimental data. The impact of the E865 experiment on the determination of |V us | from K + e3 data is discussed in Sect. 6. A specific strategy for a combined analysis of K 0 e3 and K + e3 data is proposed in Sect. 7. Our conclusions are summarized in Sect. 8, and three Appendices contain some technical material related to the calculation of loop contributions and real photon radiation.
Kinematics and radiative corrections
The generic K e3 decay
can be described by a single form factor (usually denoted by f + ). A second form factor 1 , being also present in principle, enters only together with the tiny quantity m 2 e /M 2 K ≃ 10 −6 in the formula for the Dalitz plot density. Therefore, these contributions are utterly negligible and the invariant amplitude (in the absence of radiative corrections) can be simplified to
where
denotes the weak leptonic current, and
The form factor depends on the single kinematical variable t = (p K − p π ) 2 and the superscript (0) indicates the limit e = 0.
The spin-averaged decay distribution ρ(y, z) for K e3 depends on the two variables 5) where E π (E e ) is the pion (positron) energy in the kaon rest frame, and M K indicates the mass of the decaying kaon. Alternatively one may also use two of the Lorentz invariants
Then the distribution reads
with
The kinematical density is given by
The boundaries of the domain of integration D (Dalitz plot) in (2.8) can be found in Sect. 4. Virtual photon exchange as well as the contributions of the appropriate electromagnetic counterterms change the form factor [3] , 11) and the distribution (2.7) has to be replaced with
The full form factor F + (t, v) depends now also on a second kinematical variable v as it cannot be interpreted anymore as the matrix element of a quark current between hadronic states. The variable v is taken as u = (p K − p e ) 2 for K + e3
and s = (p π + p e ) 2 for K 0 e3 . Diagrammatically, the dependence on the second variable is generated by one-loop graphs where a photon line connects the charged meson and the positron.
The form factor F + (t, v) contains infrared singularities due to low-momentum virtual photons. They can be regularized by introducing a small photon mass M γ . The dependence on an infrared cutoff reflects the fact that F + (t, v) cannot be interpreted as an observable quantity but has to be combined with the contributions from real photon emission to arrive at an infrared-finite result.
It is convenient to decompose F + (t, v) into a structuredependent effective form factor f + (t) and a remaining part containing in particular the universal long-distance corrections [3] . To order α, the full form factor is given by (2.13) where M denotes the mass of the charged meson. Expressed in terms of the functions Γ c , Γ 1 , Γ 2 defined in [3] , Γ can be written as
14)
The explicit expressions for Γ c , Γ 1 , Γ 2 are displayed in Appendix A. The function Γ c , containing a logarithmic dependence on the infrared regulator M γ , corresponds to the long-distance component of the loop amplitudes which generates infrared and Coulomb singularities. In the case of the K + decay, the Coulomb singularity is outside the physical region, while it occurs on its boundary for the K 0 decay. The other terms represent the remaining nonlocal photon loop contribution.
Note that the effective form factor f + (t) depends only on the single variable t. This can be achieved [3] in the case of K e3 decays by the decomposition defined by (2.13) and (2.14). The explicit form of f
(t) will be reviewed in the next section.
In order to arrive at an infrared-finite (observable) result, also the emission of a real photon has to be taken into account. The radiative amplitude M γ can be expanded in powers of the photon energy E γ ,
Gauge invariance relates M γ (−1) and M γ (0) to the nonradiative amplitude M, and thus to the full form factor F + (t, v). Upon taking the square modulus and summing over spins, the radiative amplitude generates a correction ρ γ (y, z) to the Dalitz plot density of (2.12). The observable distribution is now the sum
Both terms on the right hand side of this equation contain infrared divergences (from virtual or real soft photons). Upon using (2.13) and expanding to first order in α, the observable density can be written in terms of a new kinematical density A 1 [3] , and the effective form factor f + (t) defined in (2.13),
where we have pulled out the short-distance enhancement factor [5] 
19) The kinematical density A 1 is given by [3] [3] . The analogous discussion for the K 0 e3 case will be given in Sects. 4 and 5. Finally, integration over the Dalitz plot allows one to define the infrared-safe partial width, from which one extracts eventually the CKM element |V us |. With the linear expansion of the effective form factor,
the infrared-finite decay rate
can be expressed as
In principle, one could easily go beyond the linear approximation (2.21) for the determination of the phase space integral. Indeed, the curvature of the form factor, which has been neglected in (2.21) , is determined by (numerically unknown) coupling constants arising at O(p 6 ) in the chiral expansion [6] . A measurement of this curvature term in future experiments would be highly welcome. However, in view of the present experimental and theoretical situation, we restrict ourselves to the linear approximation (2.21). In our analysis, we are using the experimentally determined values of the slope parameters. This method [3] minimizes the uncertainties in the determination of the phase space integrals for the time being.
In order to extract |V us | at the ∼ 1% level, we have to provide a theoretical estimate of the form factor f Kπ + at t = 0 and of the phase space integral in presence of isospin breaking and electromagnetic effects. We devote the next two sections to these tasks.
3 The form factors f
In this section we review the structure of the K e3 form factors in the framework of chiral perturbation theory, including contributions of order p 4 (with isospin breaking) [7] and e 2 p 2 [3] , as well as p 6 effects in the isospin limit [6, 8] .
It is convenient [3] to write the effective form factor as the sum of two terms,
The first one represents the pure QCD contributions (in principle at any order in the chiral expansion) plus the electromagnetic contributions up to order e 2 p 2 generated by the non-derivative Lagrangian
Diagrammatically, they arise from purely mesonic graphs.
In the definition of f
, we have included also the electromagnetic counterterms relevant to π 0 -η mixing. The second term in (3.1) represents the local effects of virtual photon exchange of order e 2 p 2 .
Formal expressions
The explicit form of f
where the ellipses indicate contributions of higher orders in the chiral expansion (see below for the inclusion of the O(p 6 ) term in the isospin limit). The function H P Q (t) [7, 9] is reported in Appendix B. The leading order π 0 -η mixing angle ε (2) is given by
The local electromagnetic term takes the form [3]
The parameter K r 12 (µ) denotes the renormalized (scale dependent) part of the coupling constant K 12 introduced in the effective Lagrangian of order e 2 p 2 [10] describing the interaction of dynamical photons with hadronic degrees of freedom [11, 12] . The "leptonic" couplings X 1 , X 6 have been defined in [4] . The coupling constant X r 6 (µ) is obtained from X r 6 (µ) after the subtraction of the shortdistance contribution [3] ,
which defines [5] also the short-distance enhancement factor S EW (M ρ , M Z ) to leading order. Including also leading QCD correction [5] , it assumes the numerical value
We list here also the contributions to the K + e3 form factor f
. Displaying only terms up to O(p 4 ), the mesonic loop contribution is given by [3] 
The pure QCD part of this expression was given in [7] , the inclusion of electromagnetic contributions to the meson masses and the additional contribution of O(e 2 p 2 ) due to π 0 -η mixing [11] , were added in [12] . The sub-leading contributions to the π 0 -η mixing angle entering in (3.9) are
and
The local electromagnetic contribution for K + e3 is given by
What is still missing in the expressions (3.3) and (3.9), is the contribution of order p 6 . Neglecting isospin breaking effects at this order, the form factors of both processes receive an equal shift which has been calculated rather recently [8, 6] in terms of loop functions (containing some of the L i ) and certain combinations of the coupling constants C i [13, 14] arising at order p 6 in the chiral expansion. For our purposes, we will need only the value of this contribution at t = 0 [6] ,
Numerical estimates
In view of the subsequent application to the extraction of |V us | from K e3 partial widths, we report here numerical estimates for the vector form factor f Kπ + at zero momentum transfer (t = 0). We recall here that in principle also the slope parameter λ Kπ + can be predicted within chiral perturbation theory. However, due to the relatively large uncertainty induced by the low energy constant L r 9 (M ρ ), we shall use the measured value of λ Kπ + in the final analysis.
Apart from meson masses and decay constants, which lead to negligible uncertainties, the vector form factor depends on a certain number of parameters (quark mass ratios and low energy constants), whose input we now summarize.
For the quark mass ratio ε (2) defined in (3.4) we use [15] ε
This number is consistent with the one obtained from a p 6 fit [16] of the input parameters of chiral perturbation theory within the large errors of the latter analysis.
For the particular combination of L i entering in (3.10), we take 15) which is again consistent with the analysis of order p 6 in [16] .
For the relevant combination of electromagnetic low energy couplings appearing in (3.11), we use [17] 16) while for the coupling constant K 12 entering in the purely electromagnetic part (3.5, 3.12) we take [18] :
Finally, for the (unknown) "leptonic" constants we may resort to the usual bounds suggested by dimensional analysis:
An alternative strategy will be discussed in Sect. 7. The above numerical input allows us to evaluate the form factor for both K 0 π − and K + π 0 transitions. To order p 4 , the QCD part (3.3) of the form factor at t = 0 is uniquely determined in terms of physical meson masses (apart from a tiny contribution proportional to the leading order π 0 -η mixing angle):
Using (3.17) and (3.18), we find
= 0.0046 ± 0.0001 ± 0.0008 ± 0.0003 = 0.0046 ± 0.0008 (3.20) for the local electromagnetic contribution to the form factor. The errors given in the first line of (3.20) correspond to the uncertainties of K r 12 , X 1 and X r 6 . In this term, the relative uncertainty is almost exclusively due to the poor present knowledge of X 1 . Despite this, in the final result for f 
To this value, we have to add the contribution (3.13) of order p 6 , which suffers from a much larger uncertainty. Before turning to this issue, we also list the corresponding results for the Being the largest source of theoretical uncertainty in the extraction of |V us |, the p 6 contribution (3.13) deserves a separate discussion. The loop part is given by [6] ∆ loops (M ρ ) = 0.0146 ± 0.0064.
(3.25)
The quoted error reflects the uncertainty in the p 4 couplings L r i (contributing at order p 6 through insertions in one-loop diagrams), as well as a conservative estimate of higher order effects [6] . Concerning the local contribution in (3.13), (µ) are experimentally accessible in K µ3 decays, as they are related to slope and curvature of the scalar form factor f 0 (t). Experimental efforts in this direction have started, and in the long run this approach will give the most reliable result. For the time being, following [6] we identify the estimate of short range contributions to f Kπ + (0) given in [19] with (3.26):
A value of this size seems to be supported by a recent coupled channels dispersive analysis of the scalar form factor [20] , and can also be obtained by resonance saturation [21] for the couplings entering in (3.26),
Using [22] 
we obtain
, C [14] . We find ∆ loops (1GeV) = 0.0043 and ∆ loops (M η ) = 0.0310. We conclude that the present uncertainty on the p 6 contribution to f Kπ + (0) is at least 0.01. Keeping in mind the above caveats, as a net effect, there is a large destructive interference between the loop part (3.25) and the local contribution (3.27) and we arrive at f Kπ + (0) We remark here that previous analyses [3, 23] of K e3 decays and |V us | did not include the p 6 loop contribution ∆ loops (M ρ ), and that further work is needed to clarify whether the uncertainty in (3.33) and (3.34) is a realistic one.
4 Real photon radiation in K 0 e3
Photon-inclusive decay distribution
We present here in detail a possible treatment of the contribution of the real photon emission process
in complete analogy with the procedure proposed in [24] and [3] for the analysis of the K + e3 decay. To this end we define the kinematical variable [25] 
which determines the angle between the pion and positron momentum for given energies E π , E e . For the analysis of 2 We should remark here that the estimate (3.30) is not the complete resonance saturation result, which actually involves more resonance couplings [21] . It represents, however, a well defined starting point and further work along these lines should provide the size of missing contributions and an estimate of the uncertainty the experimental data, we suggest to accept all pion and positron energies within the whole K
where a(y) = (2 − y) (1 + r e + r π − y) 2(1 + r e − y) ,
or, equivalently,
where 
In (4.7) we have extended the integration over the whole range of the invariant mass of the unobserved ν e γ system. The integrals occurring in (4.7) have the general form [24] I m,n (p 1 , p 2 ; P, M γ ) := 1 2π
The results for these integrals in the limit M γ = 0 can be found in the Appendix of [24] . Using the definition (4.9), the radiative decay distribution (4.7) can be written as [25] 10) where the infrared divergences are now confined to
The explicit form of the function I 0 can be found in Appendix C. The coefficients c m,n were given in Eq. (21) of [25] .
The function ∆ IR introduced in (2.20) can now be related to I 0 by
(4.12) An analytic expression of the integral occurring in the last line of (4.10) was given in Appendix B of [26] in terms of the quantities V i :
(4.13) As already noticed in [3] , the quantity J 9 (i) given in Eq. (A9) of [26] (which is needed for the evaluation of V 7 = U 7 ) contains two mistakes: the plus-sign in the last line of (A9) should be replaced by a minus-sign, and |β (4.14)
The expressions in (4.12) and (4.14) fully determine the radiatively corrected decay density A 1 (y, z) (2.20). In order to appreciate the effect of these universal longdistance corrections, we report the kinematical density A (0) 1 in the absence of electromagnetism for several individual points of the Dalitz plot in Table 1 , while the corresponding radiative corrections entering in (2.20) are displayed in Table 2 . Note that the relative size of the electromagnetic corrections for some points (especially near the boundary) exceeds the average shift considerably. For completeness, we display a sample of numerical values for the kinematical densities (2.9) and (2.20) also for the K + e3 decay mode in Tables 3 and 4. 4 Setting ξ = 0 in the expressions of [26] amounts to neglect the form factor f−(t), which is an excellent approximation in Ke3 modes
Phase space integrals
Once the function A 1 (y, z) is known, the numerical coefficients a 0,1,2 entering in the phase space integral (2.24) can be calculated by integration over the Dalitz plot. These are reported in Table 5 for the K 0 e3 mode, while the corresponding results for K + e3 can be found in [3] . We recall once again that these numbers correspond to the specific prescription for the treatment of real photons described in the previous section: accept all pion and positron energies within the whole K e3 Dalitz plot D and all kinematically allowed values of the Lorentz invariant x defined in (4.2).
A full evaluation of the phase space factor I K (2.24) requires knowledge of the slope parameter. For both modes we employ the measured values [1] 5 , 
5 For the K + e3 mode the slope parameter given in [1] has received a small change compared to the PDG 2000 number used in [3] , which amounts to a negligible difference in the final result Table 4 . [A1(y, z) − A reveal that radiative corrections effectively induce a negative shift of 0.32% in the factor I K 0 .
On the other hand, for K + e3 one finds 20) corresponding to a negative shift of 1.27% induced by the radiative corrections. This is essentially unchanged from the analysis in [3] .
5 Extraction of |V us | from K 0 e3 decays
The CKM matrix element |V us | can be extracted from the K 0 e3 decay parameters by
In spite of the unsatisfactory present status of the K 0 e3 data, we use them here as an illustration of the application of the above formula.
• With [1]
and (3.33), we find
where the errors correspond to
• A more realistic estimate of the present K 0 e3 uncertainty is most probably given by [1] Since the present statistical precision is comparable to the one of the PDG fit, we expect that the experimental side of the problem will improve considerably as soon as final results from KLOE [27] and NA48 [28] will become available.
6 Extraction of |V us | from K • Using the PDG-fit 7 input • The K + e3(γ) branching ratio measured by the E865 Collaboration [2] , when combined with the K ± lifetime from the PDG, leads to the decay width
Note that the value BR(K + e3(γ) ) given in [2] contains also events outside the K + e3 Dalitz plot boundary. This additional 0.5% contribution has been subtracted in (6. 3) in accordance with our prescription of the treatment of real photons. Finally, we find |V us | = 0.2238 ± 0.0022 ± 0.0007 ± 0.0023 = 0.2238 ± 0.0033. (6.4) 6 The systematic uncertainty in the KLOE result is not yet known [27] 7 For K + e3 the difference between "fit" and "average" is not sizeable
Together with |V ud | and |V ub | as shown in (1.1), this number implies (6.5) in rather good agreement with a unitary mixing matrix.
The sizeable disagreement between the result of E865 and the PDG-fit (from old experiments) calls for further experimental efforts in this decay channel. 
The standard model allows a remarkably precise prediction of this quantity. The contributions of order p 6 as well as the couplings X 6 and K 12 cancel and we are left with the expression 2) where the ellipses in the second line stand for isospin violating corrections arising at O((m d − m u )p 4 , e 2 p 4 ) in the chiral expansion. We expect them to shift the result at most by 10 −3 . Also these not yet determined contributions have been accounted for in the error given in the last line of (7.2). Although no theoretical estimate of the coupling X 1 is presently available, there is no reason why this low energy constant should lie outside the range suggested by naive dimensional analysis (3.18) . Already such a rough estimate of X 1 shows that r +0 is confined to the rather narrow band We emphasize that sizeable deviations from this predicted range could only be understood as (i) failure of naive dimensional analysis for X 1 (and a dramatic one) or (ii) failure of chiral power counting. On the other hand, the ratio (7.1) is related to the observable
with the caveat that the phase space factors I K be evaluated according to the same prescription for real photons adopted in measuring Γ (K e3(γ) ). Once again, it is instructive to consider several cases:
• Using (5.2) and (6.3), we find r exp +0 = 1.062 ± 0.010 ± 0.006 ± 0.003 ± 0.003 = 1.062 ± 0.013, (7.5) where the errors given in the first line refer to the experimental uncertainties of Γ (K
, respectively. The outcome is clearly in conflict with the prediction (7.3) of the standard model and indicates indeed an inconsistency of the present K + e3 and K 0 e3 data. This is also illustrated by Fig. 2 where data data from K + e3 (E865) and K 0 e3 (PDG-fit), after using r th +0 as discussed above, lead to two inconsistent determinations of the product f
• Taking (5.5) instead of (5.2), the resulting numbers are r exp +0 = 1.049 ± 0.010 ± 0.034 ± 0.003 ± 0.003 = 1.049 ± 0.036. (7.6) This value is consistent with (7.3) however with a large error caused by the big uncertainty in (5.5).
• The inconsistency is somehow mitigated when one uses the present PDG-fit entries for both K The present confusing status is summarized in Figure 2 , where we plot f . The KLOE result is preliminary and the quoted error is statistical only [27] .
For the analysis of forthcoming high-precision data on K e3 decays we propose the following strategy:
8 Plots of this type were first used in [29] and can be found also in [23, 27, 30] (e) Finally, one can also use the experimentally determined X 1 to improve radiative corrections to the pion beta decay [31] , relevant for the extraction of |V ud | from this mode once the PIBETA experiment finalizes the analysis [32] .
Conclusions
In this work, we have studied K e3 decays using chiral perturbation theory with virtual photons and leptons. This method allows a unified and consistent treatment of strong and electromagnetic contributions to the decay amplitudes within the standard model. We have considered strong effects up to O(p 6 ) in the chiral expansion. Isospin breaking due to the mass difference of the light quarks has been included up to the order (m d − m u )p 2 . Electromagnetic effects were taken into account up to O(e 2 p 2 ). The largest theoretical error is generated by the contribution of O(p 6 ) inducing a 1% uncertainty in the determination of the K e3 form factors. Additional theoretical investigation is needed to increase our confidence in the estimate of local contributions at O(p 6 ). Based on our theoretical results, we have described the extraction of the CKM matrix element |V us | from experimental decay parameters and a consistency check of K being perfectly consistent with CKM unitarity. It should be noted, however, that the E865 ratio differs from older K + e3 measurements by 2.3 σ. Furthermore, the E865 result and the present K 0 e3 rate as given by PDG 2002 (based on very old data) and by KLOE preliminary results can hardly be reconciled within the framework of the standard model. Recently-completed or ongoing experiments will help to clarify the situation.
Finally a short remark on |V ud |, the second important source of information for the check of CKM unitarity: the present number for |V ud | is extracted from super-allowed Fermi transitions and neutron beta decay. In principle, the pionic beta decay (π e3 ) provides a unique test of these existing determinations. This decay mode is theoretically extremely clean [31] and also completely consistent with the present analysis of K e3 decays. Using the present result on the π e3 branching ratio from the PIBETA experiment [32] , one finds |V ud | = 0.9716 ± 0.0039, (8.2) to be compared with the current PDG value shown in (1.1). The final result from this experiment is expected to reach a precision for the pion beta decay rate of about 0.5%. Further efforts for an improvement of the experimental accuracy of π e3 would be highly desirable. 
B Mesonic Loop Functions
The loop function H P Q (t) [7, 9] is given by 
. (B.6)
The quantity H P Q (0) appearing in the evaluation of f + (0) is given by [7] H P Q (0) = − 1 128π 2 F 2 0 (M
(B.7)
